We give a simple sufficient condition for K-stability of polarized del Pezzo surfaces and for the existence of a constant scalar curvature Kähler metric in the Kähler class corresponding to the polarization.
Introduction
In recent years the notion of K-stability has been of great importance in the study of the existence of canonical metrics on complex varieties. This is mainly because of the following Conjecture (Yau- Tian-Donaldson) . Let X be a smooth variety, and let L be an ample line bundle on X. Then X admits a constant scalar curvature Kähler (cscK) metric in c 1 (L) if and only if the pair (X, L) is K-polystable.
It is known in different degrees of generality that K-stability is a necessary condition for the existence of a cscK metric, with the most general result due to Berman, Darvas and Lu [4] following work of Darvas and Rubinstein [10] . To show that it is also a sufficient condition is currently one of the main open questions in the field. For smooth Fano varieties polarized by anticanonical line bundles, this was recently proved by Chen, Donaldson and Sun in [9] .
The goal of this paper is to study K-stability of polarized smooth del Pezzo surfaces. This problem is explicitly solved in the toric case by Donaldson [12] . Surprisingly, we do not know many results about the non-toric case. By the famous theorem of Tian [18] , all non-toric smooth del Pezzo surfaces are Kähler-Einstein, so that they are K-stable for the anticanonical polarization. Results of Arezzo and Pacard [1, 2] , Arezzo, Pacard and Singer [3] , and Rollin and Singer [15] imply the K-stability for many other polarizations. On the other hand, one can use Ross and Thomas's [16, Example 5 .30] to produce many K-unstable polarizations on every smooth non-toric del Pezzo surface.
The main result of this paper is Theorem 1.1. Let S be a smooth del Pezzo surface such that K 2 S 2, and let L be an ample Q-divisor on S. If −K S − 2 3 −K S ·L L 2 L is nef, then (S, L) is K-stable. For each smooth del Pezzo surface of degree one or two, this result provides a closed subset in its ample cone that consists of K-stable polarizations. This subset contains an anticanonical divisor, so that Theorem 1.1 also implies the existence of Kähler-Einstein metrics on smooth del Pezzo surfaces of degree one and two. The nefness condition in Theorem 1.1 is easy to check, because the Mori cones of these del Pezzo surfaces are generated by finitely many (−1)-curves. The polarizations satisfying the nefness condition are far from those considered by Arezzo, Pacard, Rollin and Singer [1, 2, 3, 15] , and therefore they are new.
Combining Theorem 1.1 with [8] by Chen and Cheng, we obtain the following Corollary 1.2. Let S be a smooth del Pezzo surface such that K 2 S 2, and let L be an ample Q-divisor on S. If −K S − 2 3 −K S ·L L 2 L is nef, then S admits a constant scalar curvature Kähler metric in the Kähler class c 1 (L).
For smooth del Pezzo surfaces of degree one, the assertion of Theorem 1.1 was recently proved by Hong and Won in [13] using a different approach.
The α-invariant of Tian, originally defined in terms of complex differential geometry, has an algebraic formulation which we use to study the K-stability of the anticanonically polarized del Pezzo surfaces. For a variety X and an ample Q-divisor L on it, we let α X, L = sup λ ∈ Q the log pair (X, λD) is log canonical for every effective Q-divisor D ∼ Q L ∈ R >0 .
While the α-invariant is very difficult to estimate for an arbitrary polarization, it is the only effective invariant to provide sufficient condition for K-stability. In this article we will prove Theorem 1.1 using the following criterion of Dervan:
Theorem 1.3 ([11, Theorem 1.1]). Let X be a Fano variety with log canonical singularities, and let L be an ample Q-divisor on it. Let ν(L) = −K X ·L n−1 L n . Then (X, L) is K-stable provided that (A) the Q-divisor −K X − n n+1 ν(L)L is nef, (B) and α(X, L) > n n+1 ν(L). Namely, we will show that for smooth del Pezzo surfaces of degree one and two, the condition (B) in this theorem follows from the condition (A). The reader may wonder whether the condition (B) in Theorem 1.3 is redundant. In general, this is not the case: Example 1.4. Let S be a smooth cubic surface in P 3 that does not contain Eckardt points, and let E be a line in S. Let L = −K S + xE, where x is a non-negative rational number such that x < 1. Then L is ample and
On the other hand, we have (1+x)E+C ∼ Q L, where C is a conic in | − K S − E| that is tangent to E. This immediately gives α(S, L) , then −K S − 2
In this paper, we also prove the following negative result. Theorem 1.5. Let S be a smooth del Pezzo surface such that K 2 S 4, and let L be an ample Q-divisor on S. Then α(S, L) Hence Theorem 1.1 exhausts the application of Theorem 1.3 to all smooth del Pezzo surfaces other than cubic surfaces. Fortunately, we can still obtain partial results in the latter case. Theorem 1.6. Let S be a smooth cubic surface in P 3 , and let
x is a non-negative rational number such that x < 1. Then L is ample. Furthermore, if 0 < x degree one. In Section 4, we prove Theorem 1.1 for smooth del Pezzo surfaces of degree two. This section is the main part of the paper. Then we prove Theorem 1.6 in Section 5. Finally, we tackle Theorem 1.5 in Section 6. Its proof involves two very technical inequalities which are left to the Appendix A.
Preliminaries
Let S be a smooth surface, let D be an effective Q-divisor on the surface S, and let P be a point in the surface S. Let D = r i=1 a i C i , where each C i is an irreducible curve on S, and each a i is a non-negative rational number. We assume here that all curves C 1 , . . . , C r are different.
Let π : S → S be a birational morphism such that S is also smooth. Then π is a composition of n blow ups of smooth points. For each C i , denote by C i its proper transform on S. Let F 1 , . . . , F n be π-exceptional curves. Then
Definition 2.1. The log pair (S, D) is log canonical (respectively Kawamata log terminal) at a point P ∈ S if the following two conditions are satisfied:
• a i 1 (respectively a i < 1) for every C i such that P ∈ C i ,
This definition is independent on the choice of birational morphism π : S → S. The log pair (S, D) is said to be log canonical (respectively Kawamata log terminal) if it is log canonical (respectively, Kawamata log terminal) at every point of S. Remark 2.2. Let R be any effective Q-divisor on S such that R ∼ Q D and R = D. Let
where ǫ ∈ Q 0 . Then D ǫ ∼ Q D. Let ǫ 0 be the greatest rational number such that D ǫ 0 is effective. Then the support of D ǫ 0 does not contain at least one irreducible component of Supp(R). Moreover, if the log pair (S, D) is not log canonical at P , and (S, R) is log canonical at P , then the log pair (S, D ǫ 0 ) is not log canonical at P , because
The following result is well known and is very easy to prove. Lemma 2.3. Suppose that (S, D) is not log canonical at P . Then mult P (D) > 1.
The following result is also well known (see [17, Corollary 3.12] or [6, Theorem 7] ).
Lemma 2.4. Suppose that (S, D) is not log canonical at P , the curve C 1 is smooth at P , and a 1 1. Let ∆ = r i=2 a i C i . Then mult P (C 1 · ∆) > 1. The following result plays an important role in the proof of Theorem 1.1. Theorem 13] ). Suppose that (S, D) is not log canonical at P , the curves C 1 and C 2 are smooth at P and intersect each other transversally at P , a 1 1 and a 2 1. Let
Let ρ : S → S be the blow up of a point P ∈ S, and let F be the ρ-exceptional curve. Denote by D the proper transform of the divisor D on the surface S via ρ. Then
By Definition 2.1, if (S, D) is not log canonical at P , then ( S, D + (mult P (D) − 1)F ) is not log canonical at some point of the curve F .
Del Pezzo surfaces of degree one
Let S be a smooth del Pezzo surface such that K 2 S = 1 and L be an ample Q-divisor on the surface S. The goal of this section is to prove the following result:
and the class −K S − L is nef. We have to show that α(S, L) > 1.
Then γ > 1. We will prove that α(S, L) γ by reductio ad absurdum. Suppose that α(S, L) < γ. Then there exist a positive rational number λ < γ and an effective Q-divisor D on S such that D ∼ Q L, and (S, λD) is not log canonical at some point P ∈ S. Lemma 3.2. One has L ∼ Q − 2 3 K S . Proof. By [5, Theorem 1.7], α(S, −K S ) 5 6 . Thus, if L ∼ Q − 2 3 K S , then (S, 5 4 D) is log canonical, which is impossible, because λ < γ 6 5 < 5 4 by (3.2). Let C be a curve in the pencil | − K S | that passes through the point P . Then C is irreducible. Write D = aC + ∆, where a is a non-negative rational number, and ∆ is an effective Q-divisor whose support does not contain the curve C. 
so that a = 2 3 and L · ∆ = 0, because L · C > 0 and L · ∆ 0. Then ∆ = 0, because L is ample. Thus, we have L ∼ Q − 2 3 K S , which is impossible by Lemma 3.2.
If C is smooth at P , then it follows from Lemma 2.4 that
which gives ǫ < 1 and γ > λ > 1 1−ǫ > 3 3−ǫ , which contradicts (3.2). Thus, mult P (C) = 2. Let m = mult P (∆). Then 2m C · ∆ = 1 − ǫ − a < 1 − a. By Lemma 3.3 and (3.2), we have λa < 1. Observe that C · F = 2 and the curve C is smooth. Thus, applying Lemma 2.4, we get
. The obtained contradiction completes the proof of Theorem 3.1.
Del Pezzo surfaces of degree two
Let S be a smooth del Pezzo surface such that K 2 S = 2 and L be an ample Q-divisor on the surface S. In this section we prove the following result:
As in the proof of Theorem 3.1, we may assume that −K S ·L
Suppose that −K S − L is nef. To prove Theorem 4.1, we have to show that α(S, L) > 1. Let R = −K S − L and ǫ = −K S · R. Then ǫ > 0, because R ∼ Q 0 by (4.1). Let
Then γ > 1. We will prove that α(S, L) γ by reductio ad absurdum.
Suppose that α(S, L) < γ. Then there exist a positive rational number λ < γ and an effective Q-divisor D on S such that D ∼ Q L, and (S, λD) is not log canonical at some point P ∈ S. 9 8 D) is log canonical, which is impossible, because λ < γ 12 11 < 9 8 by (4.2).
where a 1 , . . . , a k are non-negative rational numbers, C 1 , . . . , C k are irreducible curves on the surface S such that
and ∆ is an effective Q-divisor on the surface S whose support does not contain any curve among the curves C 1 , . . . , C k . Then a r < 2 3 for some r. Proof. Suppose that a 1 2 3 , . . . , a k 2 3 . Then it follows from (4.1) that
which implies that a 1 = · · · = a k = 2 3 and L · ∆ = 0. Then ∆ = 0, since the divisor L is ample and L ∼ Q − 2 3 K S , which contradicts Lemma 4.2.
Let f : S → S be a blow-up of the point P , let F be its exceptional curve, and let D be the proper transform on S of the divisor D.
Proof. Let C be a general curve in |−K S | that passes through P . Then mult P (D) D·C = 2−ǫ, which implies that λmult P (D) < 2 by (4.2).
Let g : S → S be the blow-up at the point Q, and let G be its exceptional curve. Denote by F and D the proper transforms on S of the curve F and the divisor D, respectively. Then the log pair ( S, λ D + (λmult P (D) − 1) F + (λ(mult P (D) + mult Q ( D)) − 2)G) is not log canonical at some point O ∈ G. Note that it follows from Lemma 2.3 that λmult P (D) + λmult Q ( D) > 2.
The linear system | − K S | gives a double cover π : S → P 2 branched over a smooth quartic curve C 4 ⊂ P 2 . Thus, if π(P ) ∈ C 4 , then | − K S | contains a unique curve that is singular at P . Lemma 4.5. Suppose that π(P ) is contained in the curve C 4 . Let T be the unique curve in the linear system | − K S | that is singular at the point P . Then T is reducible.
Proof. Suppose that T is irreducible. Write D = aT + ∆, where a is a non-negative rational number, and ∆ is an effective Q-divisor whose support does not contain T . By Lemma 4.3, we have a < 2 3 . Let m = mult P (∆). Then
Denote by T and ∆ the proper transforms on S of the curve T and the divisor ∆, respectively. If Q ∈ T , then Lemma 2.4 gives 1 λ < F · ∆ = m 1 − ǫ 2 , which contradicts (4.2). Then Q ∈ T . Since T is irreducible, it has either a nodal point at P or a cuspidal point. In particular, the curve T is smooth. If T has a nodal point at P , then Lemma 2.4 gives 
Proof. Suppose that π(P ) ∈ C 4 . Let T be the curve in | − K S | that is singular at the point P . By Lemma 4.5, it is reducible, so that T = L 1 + L 2 , where L 1 and L 2 are irreducible smooth curves such that
where a 1 and a 2 are non-negative rational numbers, and ∆ is an effective Q-divisor whose support contains neither L 1 nor L 2 . Then a 1 < 2 3 or a 2 < 2 3 by Lemma 4.3. Without loss of generality, we may assume that a 1 < 2 3 . It follows from (4.1) that
This gives us
Let m = mult P (∆). Then we get two inequalities:
Adding them, we get 2 − ǫ a 1 + a 2 + 2m, so that m 1 − ǫ 2 . Since a 1 < 2 3 , it follows from (4.6) that 2a 2 1 − ǫ 1 + a 1 1 + a 1 < 5 3 , so that a 2 < 5 6 . Denote by L 1 , L 2 and ∆ the proper transforms on S of L 1 , L 2 and ∆, respectively. Then the log pair ( S, λa 1 
Adding this inequality to (4.6), we get 2 − ǫ > 2 λ + m 2 λ , which contradicts (4.2). Thus, we see that Q ∈ L 1 . Similarly, it can be shown that Q ∈ L 2 .
We have Q = F ∩ L 1 ∩ L 2 . Then L 1 is tangent to L 2 at the point P . Let m = mult Q ( ∆). Then ∆ · L 1 m and ∆ · L 2 m. This gives
In particular, adding the two inequalities, we obtain
Denote by L 1 , L 2 , F and ∆ the proper transforms of L 1 , L 2 , F and ∆ on S, respectively. Then ( S, λa 1 
. Now using (4.2), (4.5), a 1 < 2 3 and a 2 < 5 6 , we get
λ . This together with (4.8) imply 2−ǫ a 1 +a 2 +2m+2 m a 1 +a 2 +m+ m > 2 λ , which contradicts (4.2). Thus, we see that
which implies that γ > λ > 30 28−5ǫ . This is impossible by (4.2). We conclude that O = L 1 ∩ G. We have O = L 2 ∩ G. By (4.8), we also have 4 m 2m + 2 m a 1 + a 2 + 2m + 2 m 2 − ǫ, so that m 
If m > 2( 1 λ − a 2 ), then (4.2) and (4.7) imply
which gives a 1 + 2a 2 > 8 3 . But a 1 + 2a 2 < 7 3 , since a 1 < 2 3 and a 2 < 5 6 . We see that (4.9) holds. It gives us 1 − ǫ 2 + 2a 1 
λ . Now using (4.5), we get
because a 1 < 2 3 and a 2 < 5 6 . Thus, we see that λ > 12 12−ǫ , which is impossible by (4.2). Let C be a curve in the pencil | − K S | that passes through Q. Denote by C its image on the surface S. Then P ∈ C and C ∈ | − K S |. Moreover, the curve C is smooth at P , because P is not contained in C 4 by Lemma 4.6. Furthermore, we have Proof. Suppose that C is irreducible. Let us write D = aC + ∆, where a is a non-negative rational number, and ∆ is an effective Q-divisor on the surface S, whose support does not contain the curve C. Then a < 2 3 by Lemma 4.3. Denote by ∆ the proper transform of the divisor ∆ on the surface S. Let m = mult P (∆). Then ( S, λa C + λ ∆ + (λ(a + m) − 1)F ) is not log canonical at Q. Now, applying Lemma 2.4, we get 2 λ − (a + m) < C · ∆ = 2 − 2a − ǫ − m, so that 2 λ < 2 − ǫ, which contradicts (4.2). Thus, we have C = L 1 + L 2 , where L 1 and L 2 are irreducible curves such that L 2 1 = L 2 2 = −1 and L 1 · L 2 = 2. Since C is smooth at P , we have P ∈ L 1 ∩ L 2 . Without loss of generality, we may assume that P ∈ L 1 . Let ǫ 1 = L 1 · R and ǫ 2 = L 2 · R. Then ǫ = ǫ 1 + ǫ 2 .
Write D = a 1 L 1 + a 2 L 2 + ∆, where a 1 and a 2 are non-negative rational numbers, and ∆ is an effective Q-divisor, whose support contains neither L 1 nor L 2 . Then a 1 
Since λa 1 1, we can apply Lemma 2.4 to this log pair and the curve L 1 . This gives
2−ǫ . This is impossible by (4.2). The obtained contradiction completes the proof of Theorem 4.1.
Cubic surfaces
Let S be a smooth cubic surface in P 3 . Fix six disjoint lines E 1 , E 2 , E 3 , E 4 , E 5 , E 6 in S, and fix a positive rational number x
Then L is ample. The goal of this section is to prove Theorem 1.6. By Theorem 1.3, to do this it is enough to show that α(S, L) 2 3+3x . Suppose that this is not true. Then there exist an effective Q-divisor D on the surface S and a positive rational number λ < 2 3+3x such that D ∼ Q L, and (S, λD) is not log canonical at some point P ∈ S. In this section we seek for a contradiction.
Lemma 5.1. The log pair (S, λD) is log canonical outside of finitely many points.
Proof. Suppose that this is not true. Then D = aC + ∆, where C is an irreducible curve, a is a positive rational number such that a > 1 λ , and ∆ is an effective Q-divisor, whose support does not contain the curve C. Denote by d the degree of the curve C in P 3 . Then
which implies that d 2. Then C is a line or a conic. Denote by Z a general curve in |−K S −C|.
Suppose that C is a line. Then Z is a smooth conic, C · Z = 2, and Z is not contained in the support of ∆. If C is one of the lines E 1 , E 2 , E 3 , E 4 , E 5 , E 6 , then 2 + 7x − 2a ∆ · Z 0, so that 3 + 3x < 2 λ < 2a 2 + 7x, which is impossible, because x 1 10 . Then
so that 2a 2 + 6x, which is impossible, because 2a > 2 λ > 3 + 3x and x 1 10 . We see that C is a conic. Then Z is a line. Write ∆ = bZ + Ω, where b is a non-negative rational number, and Ω is an effective Q-divisor, whose support contains no Z. If Z is one of the lines E 1 , E 2 , E 3 , E 4 , E 5 , E 6 , then 1 − x − 2a + b = Z · Ω 0 and 2 + 7x − 2b C · Ω 0, so that 4 + 5x 4a > 4 λ > 6 + 6x, which is absurd. Observe that (C + Z) · E i = 1 for each E i . But We may assume that P ∈ E 1 . Then E 1 is contained in the support of the divisor D, because otherwise we would have 1 − x = E 1 · D mult P (D) > 1 by Lemma 2.3. Proof. Let T be the plane section of S that is singular at P , let Z 1 , Z 2 , Z 3 , Z 4 , Z 5 , and Z 6 be general conics in the pencils
Then Υ is an effective Q-divisor such that Υ + λD ∼ Q −K S , and the pair (S, λD + Υ) is not log canonical at P . Then P is not an ordinary double point of the curve T by [7, Corollary 1.24]. Thus, either P is an Eckardt point or T has a tacnodal singularity at the point P . Suppose that P is not an Eckardt point. Then T = E 1 + C, where C is smooth conic such that E 1 is tangent to C at the point P . We have
and (S, (λ+λx)E 1 +λC +λx(E 2 +E 3 +E 4 +E 5 +E 6 )) is log canonical. Therefore, by Remark 2.2, we may assume that the support of the divisor D does not contain either C or E 2 (or both).
Write D = aE 1 + bC + ∆, where a and b are non-negative rational numbers, and ∆ is an effective Q-divisor, whose support does not contain the curves E 1 and C. We know that a > 0. If b > 0, then 1 − x − b E 2 · ∆ 0, so that b 1 − x. Thus, we always have b 1 − x.
Let m = mult P (∆). Then 1 − x + a − 2b = E 1 · ∆ m and 2 + 7x − 2a = C · ∆ m, which gives a 1 + 7 2 x and
λ . Let f : S → S be the blow up at P , and let F be its exceptional curve. Denote by E 1 , C and ∆ the proper transforms on S of the curve E 1 , the curve C and the divisor ∆, respectively. Then ( S, λa
Let g : S → S be the blow up at Q, and let G be its exceptional curve. Denote by E 1 , C, F and ∆ the proper transforms on S of E 1 , C, F and ∆, respectively. Then the singularities of the log pair ( S, λa
The curves E 1 , C, and F are disjoint.
, which is impossible, because x 
, which is impossible, because x . We see that S contains two more lines (except the line E 1 ) that pass through the point P . Denote these two lines by L 1 and L 2 . Recall that E 1 is contained in the support of D. If L 1 is not contained in the support of D, then Lemma 2.3 gives
However, 1 + 6x < 3+3x 2 , because x 1 10 . Thus, we see that L 1 is also contained in the support of D. Similarly, we see that L 2 is contained in the support of D as well.
As usual, we write D = aE 1 + b 1 L 1 + b 2 L 2 + ∆, where a, b 1 , b 2 are positive rational numbers, and ∆ is an effective Q-divisor whose support does not contain E 1 , L 1 , or L 2 . We have
and the singularities of the log pair (S, (λ + λx)E 1 + λL 1 + λL 2 + λx(E 2 + E 3 + E 4 + E 5 + E 6 )) are log canonical. Hence, by Remark 2.2, we may assume that Supp(∆) does not contain at least one line among E 2 , E 3 , E 4 , E 5 , E 6 .
Proof. Without loss of generality, we may assume that E 2 ⊂ Supp(D). Then
But E 2 · (L 1 + L 2 ) = 1, so that either E 2 · L 1 = 1 and E 2 · L 2 = 0, or E 2 · L 1 = 0 and E 2 · L 2 = 1. In the former case, we get b 1 1 − x. In the latter case, we get b 2 1 − x.
We may assume that h(L 1 ) is a line in P 2 , and h(L 2 ) is a conic. Then h(L 1 ) is tangent to the conic h(L 2 ) at the point h(E 1 ). We may also assume that h(L 1 ) contains the point h(E 6 ).
Let m = mult P (∆). Then E 1 · ∆ m, L 1 · ∆ m and L 2 · ∆ m. This gives
Lemma 5.5. One has m+a 1+ 7 2 x, m+b 1 1+2x, m+b 2 1+ x 2 and a+b 1 +b 2 +m 3+3x. Proof. The first three inequalities directly follow from (5.1). To prove the fourth inequality, let us recall that b 1 
because λ < 2 3+3x . But m + a 1 + 7 2 x, m + b 1 1 + 2x and m + b 2 1 + x 2 by Lemma 5.5. This immediately leads to a contradiction, because 0 x 1 10 . The obtained contradiction completes the proof of Theorem 1.6.
Del Pezzo surfaces of degree four and higher
Let S be a smooth del Pezzo surface such that K 2 S 4. Let d = K 2 S . Let L be an ample Q-divisor on the surface S. Let ν(L) = −K S ·L L 2 . The goal of this section is to prove Theorem 1.5. If S is one of the surfaces P 2 , P 1 × P 1 or F 1 , then one easily sees that α(S, L) < 2 3 ν(L). Thus, to prove Theorem 1.5, we may assume d 7. In this case the Mori cone NE(S) is a polyhedral cone that is generated by all (−1)-curves in S. Let
Replacing L by µ L L, we may assume that µ L = 1. Denote by ∆ L the smallest extremal face of the Mori cone NE(S) that contains the divisor K S + L, and denote its dimension by r L .
If ∆ L = 0 and d = 4, then α(S, L) = 2 3 ν(L) by [5, Theorem 1.7] . Similarly, we see that if ∆ L = 0 and d 5, then α(S, L) 1 2 ν(L). Thus, we may assume that ∆ L = 0, so that r L > 0. Let φ L : S → Z be the contraction of the face ∆ L . Then either φ L is a birational morphism, or φ L is a conic bundle with Z = P 1 . Lemma 6.1. Suppose that Z = P 2 . Then α(S, L) < 2 3 ν(L). Proof. The face ∆ L is generated by r L = 9 − d disjoint (−1)-curves E 1 , . . . , E r L . Then
a i E i for some positive rational numbers a 1 , . . . , a r L . We may assume that a 1 · · · a r L . Then we must have a 1 < 1, because L · E 1 > 0. We also have
For every i r L , denote by L 1i the proper transform on S of the line in P 2 that passes through the points φ L (E 1 ) and φ L (E i ), e.g., φ L (L 12 ) is the line that contains φ L (E 1 ) and φ L (E 2 ).
If d = 7, then L ∼ Q 3L 12 + (2 + a 1 )E 1 + (2 + a 2 )E 2 , so that α(S, L)
Similarly, if d = 6, then L ∼ Q 2L 12 + L 13 + (2 + a 1 )E 1 + (1 + a 2 )E 2 + a 3 E 3 , which implies that α(S, L) 1 2 + a 1 < 12 + 2a 1 + 2a 2 + 2a
because otherwise we would have
which is absurd. If d = 5, then L ∼ Q L 12 + L 13 + L 14 + (2 + a 1 )E 1 + a 2 E 2 + a 3 E 3 + a 4 E 4 , which implies that α(S, L)
Indeed, if this inequality does not hold, then
, which is absurd. We may assume that d = 4. Let Z the proper transform on the surface S of the conic in P 2 that passes through the points φ L (E 1 ), φ L (E 2 ), φ L (E 3 ), φ L (E 4 ), and φ L (E 5 ). Then
which implies that α(S, L) 2 3+2a 1 . Let N be the largest number among a 2 , a 2 + a 3 , a 2 + a 4 , a 2 + a 5 , a 3 + a 4 , a 3 + a 5 , a 4 + a 5 , a 2 + a 3 + a 4 , a 2 + a 3 + a 5 , a 2 + a 4 + a 5 , a 3 + a 4 + a 5 , and a 2 + a 3 + a 4 + a 5 that does not exceed 1. We claim that α(S, L) 2 3+2a 1 +N . Indeed, we have
In particular, if N = a 2 , then α(S, L) 2 3+2a 1 +N as claimed. We also have
For any other value of N , Table 1 provides an effective Q-divisor D ∼ Q L that shows the inequality α(S, L) 2 3+2a 1 +N as claimed. By Lemma 6.1, we may assume that Z = P 2 in order to complete the proof of Theorem 1.5. Then the surface S contains 8 − d r L disjoint (−1)-curves E 1 , . . . , E 8−d and a smooth rational curve C such that C 2 = 0, the curve C is disjoint from E 1 , . . . , E 8−d , and
a i E i for some non-negative rational numbers δ, a 1 , . . . , a 8−d . We may assume that a 1 · · · a 8−d . Then a 1 < 1, since L · E 1 > 0 and C · E 1 = 0. If a i > 0, then E i ∈ ∆ L . Similarly, the morphism φ L is a conic bundle if and only if δ > 0. We have
Let h : S → S be the contraction of the curves E 1 , . . . , E 8−d . Then S = F 1 or S = P 1 × P 1 . The linear system |C| is a free pencil. It gives a conic bundle ι : S → P 1 such that there exists a commutative diagram
where υ is a natural projection. Then the curves E 1 , . . . , E 8−d lie in the reducible fibers of ι. Lemma 6.2. Suppose that S = F 1 . Then α(S, L) < 2 3 ν(L). Proof. Let E 9−d be the (−1)-curve on S, and let E 9−d be its proper transform on the surface S. Let f : S → P 2 be the contraction of the curve E 9−d . Let π = f • g. Denote by L 1i the proper transform on S of the line in P 2 that passes through π(E 1 ) and π(E i ) (for every i 9 − d).
If 
Indeed, if this inequality does not hold, then we have
Thus, we may assume that d = 4. Denote by Z be the proper transform on the surface S of the unique conic in P 2 that passes through the points π(E 1 ), π(E 2 ), π(E 3 ), π(E 4 ), π(E 5 ). Then
Moreover, there exists a (−1)
Arguing as in the proof of Lemma 6.1, we see that
where N is the largest number among a 2 , a 2 + a 3 , a 2 + a 4 , a 3 + a 4 , a 2 + a 3 + a 4 , that does not exceed 1. Then α(S, L) < 2 3 ν(L) by Proposition A.1. The final step of the proof of Theorem 1.5 is the following Lemma. Lemma 6.3. Suppose that S = P 1 × P 1 . Then α(S, L) < 2 3 ν(L). Proof. We may assume that the fibers of the natural projection υ : S → P 1 are curves of bidegree (1, 0). For every i 8 − d, we denote by F i (respectively, by F ′ i ) the curve of bi-degree (1, 0) (respectively, bi-degree (1, 0)) in P 1 × P 1 that passes through the point h(E i ), and we denote by F i (respectively, by F ′ i ) its proper transform on S. For d 5, denote by Z ij for 2 i < j 4 the proper transform on S of the unique irreducible curve of bi-degree (1, 1) on S that passes through the points h(E 1 ), h(E i ) and h(E j ). If d = 5, then L ∼ Q (1 + δ)F 1 + F ′ 1 + Z 23 + (2 + δ + a 1 )E 1 + a 2 E 2 + a 3 E 3 , so that, arguing as in the proof of Lemma 6.2, we see that
Thus, we may assume that d = 4. Then −K S ∼ Q
which implies, in particular, that α(S, L) 
Appendix A. Inequalities
Let a 1 , a 2 , a 3 , a 4 , a 5 be non-negative rational numbers such that 1 a 1 a 2 a 3 a 4 a 5 , let δ be a non-negative rational number, and let N be the largest number among a 2 , a 2 + a 3 , a 2 + a 4 , a 2 + a 5 , a 3 + a 4 , a 3 + a 5 , a 4 + a 5 , a 2 + a 3 + a 4 , a 2 + a 3 + a 5 , a 2 + a 4 + a 5 , a 3 + a 4 + a 5 , a 2 + a 3 + a 4 + a 5 that does not exceed 1. Let .
Moreover, both inequalities are strict unless a 1 = δ = 0.
Proof. Consider the first inequality. If a 1 = δ = 0, then N = 0 and both sides of the inequality equal 2 3 . Suppose that either a 1 > 0 or δ > 0 (or both). We have to prove that 2 3 + 2a 1 + 2δ + N < 2 3 × 4 + 2δ + a 1 + a 2 + a 3 + a 4 + a 5 4 + 4δ + 2(a 1 + a 2 + a 3 + a 4 + a 5 ) − a 2 1 − a 2 2 − a 2 3 − a 2 4 − a 2 5
Suppose that this inequality does not hold. Then Since either a 1 > 0 or δ > 0, this inequality implies that
a i + 8a 1 + 4N.
If N = a 2 + a 3 + a 4 + a 5 , then (A.1) gives
which is absurd. Thus, N = a 2 + a 3 + a 4 + a 5 , so that a 2 + a 3 + a 4 + a 5 > 1. Then (A.1) gives
a i + 8a 1 + 4N > (2a 1 + N )(a 1 + 1) + 8a 1 + 4N, which implies, in particular, that (A.2) 3(a 2 + a 3 + a 4 + a 5 ) > 7a 1 + 5N, which implies that N is none of the numbers a 2 + a 3 + a 4 , a 2 + a 3 + a 5 , a 2 + a 4 + a 5 , a 3 + a 4 + a 5 .
If N is one of the numbers a 2 + a 3 , a 2 + a 4 , a 2 + a 5 , a 3 + a 4 , a 3 + a 5 , a 4 + a 5 , then (A.2) gives 3(a 2 + a 3 + a 4 + a 5 ) > 7a 1 + 5N 7a 1 + 5(a 4 + a 5 ), so that 3a 2 + 3a 3 > 7a 1 , which is absurd. We see that N = a 2 . Then (A.2) gives 3(a 3 + a 4 + a 5 ) > 7a 1 + 2a 2 , which is impossible, because a 1 a 2 a 3 a 4 a 5 0. Consider the second inequality. If a 1 = δ = 0, then both sides of the inequality equal 2 3 . Suppose that a 1 > 0 or δ > 0. Take N 0 such that α = 2 3+2a 1 +2δ+N . We have to prove that α < 8 + 4δ + 2a 1 + 2a 2 + 2a 3 + 2a 4 12 + 12δ + 6a 1 + 6a 2 + 6a 3 + 6a 4 
Suppose the latter is false. Then
Since either a 1 > 0 or δ > 0, this inequality implies that
If N = a 2 + a 3 + a 4 or N = a 2 + a 4 , then we get a contradiction
because a 1 a 3 a 4 . Thus N = a 2 , a 3 + a 4 > 1, a 2 + a 4 > 1 and a 2 + a 3 > 1 + a 4 . Let a 5 = 0. Now the result follows from the first inequality, since a 2 is the largest number not exceeding 1 among those values in the hypothesis.
